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$\mathrm{Q}[x_{1}, \ldots, x_{n}]$ : $\mathrm{Q}$ ( $\mathrm{Q}[X|$ )
$I$ : $\mathrm{Q}[X]$ .










$I$ Maximally independent set $U$ $I^{\mathrm{e}}=I\mathrm{Q}(U)[X\backslash U]$ : o- , $\mathrm{Q}(U)[X\backslash U|$
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$0$- . $I^{\epsilon c}=I^{\mathrm{e}}\cap \mathrm{Q}1X1$
$\sqrt{I}=\sqrt{I^{\mathrm{e}c}}\cap\sqrt{Id(I,f)}$
$f$ .
, $\mathrm{K}$ $\mathrm{K}=\mathrm{Q}(U)$ , $\mathrm{K}[x_{1},$ $\ldots,$ $X_{r}1=\mathrm{K}[X]$ 0-
.
0- radical
$\mathrm{K}[x_{1}$ , ..., $x_{r}]$ $0$- $I$ , $i=1,$ $\ldots,$ $r$ $I\cap \mathrm{K}[xi]=Id(f_{i})$ $x$ .
$f_{i}$ . , .
$I$ $\mathrm{r}\mathrm{a}\mathrm{d}\mathrm{i}\mathrm{C}\mathrm{a}\mathrm{l}\Leftrightarrow$ $f_{i}$ $\mathrm{K}$
$\mathrm{K}$ successive extension . $\mathcal{K}=\mathrm{K}(\alpha_{1}, \ldots, \alpha_{r})\mathrm{s}.\mathrm{t}$. $p_{1}(\alpha_{1})=0,$ $p_{2}(\alpha_{1}, \alpha_{9})\vee=0,\ldots$ ,
$p_{l}.(\alpha_{1}, \ldots, \alpha_{r})=0$
$\mathcal{K}$ $\mathrm{K}[x]$ square-free $f(x)$
$\mathcal{H}=\mathrm{K}[x_{1} , ..., x_{r}, x]/Id(p\mathrm{l}(x_{1}), \ldots, p_{r}(X_{1}, \ldots, X_{r}), f(X))$
$\mathcal{L}$ : .
(A) $\mathcal{H}=\mathcal{L}_{1}\oplus\cdots\oplus \mathcal{L}_{m}$
$\mathcal{L}$ : $\mathrm{K}\iota X_{1},$ $\ldots,$ $X_{r},$ $X$ ] $/P_{i}$ ( $P_{i}$ maximal ideal) ,
$\mathrm{K}(x_{1}, \ldots, xT)[x]Pi=Id(f_{i})$
, $\mathrm{K}(x_{1}, \ldots, x_{r})[X1$ $f_{i}$ \iota , $f$ ,
$f=f_{1},$ . $.f_{m}$ .
$(A)$ , Norm , .
$N_{orm}(f(X-\beta), \alpha 1, \ldots, \alpha_{r})=Id(f(x-\beta),p_{1}, \ldots,p_{r})\cap \mathrm{K}[x]$
, $\beta$ $\mathcal{K}$ primitive element
0- radical
, $\mathrm{K}[X]$ 0- radical .






$\mathrm{K}[x_{1}, \ldots, x_{r}]$ $I$ primitive element .
$\Downarrow$
$x_{1},$ $\ldots,$
$x_{r}$ successive factorization .
Successive Algebraic Factorization
$\mathrm{K}[x_{1}, \ldots, x_{r}]$ $0$- radical ideal $I$ successive algebraic factorization
algorithm .
(1) $I\cap \mathrm{K}[x_{1}]$ $g(x_{1})$ .
(2) $g(x_{1})$ $g=g_{1}\cdots g_{m}$ . .
$I=Id(I, g_{1}(x_{1}))\cap\cdots\cap Id(I, \mathit{9}m(x1))$ .
(3) $Id(I, g_{1}(x_{1}))$ .
$\alpha_{1}$ $g_{1}(\alpha_{1})=0$ ,
$\mathrm{K}[x_{1}$ , ..., $x_{r}]/Id(I, g_{1}(x_{1}))=\mathrm{K}(\alpha 1)[x_{2}, \ldots, x\mathcal{T}]/I|_{x_{1}\alpha_{1}}=$ .
$I|_{x_{11}}=\circ$ $I_{1}$ , $I_{1}$ , $\mathrm{K}(\alpha_{1})[x_{9},, \ldots, x_{r}]$ 0- radical .
(4) , $I_{1}\cap \mathrm{K}(\alpha_{1})[x_{2}]$ $h(x_{2})$ . ( $h$ , $\alpha_{1}$ – . )
(5) $h(x2)$ $\mathrm{K}(\alpha_{1})$ .
$h(x_{2})$ $h_{1}\in \mathrm{K}(\alpha_{1})[X2]$ , $h_{\mathit{0}}(\alpha_{2})=0$ $\alpha_{2}$ ,
.
$\mathrm{K}[X_{1}, \ldots, x_{r}]/Id(I, g1(x_{1}),$ $h1(X1, X2))=\mathrm{K}(\alpha 1, \alpha_{2})[xs, \ldots, X_{\tau}]/I|_{x_{1}=}\alpha_{1,22}x=\alpha$ .
$x_{3},$ $\ldots,$
$x_{r}$ , .
$\mathrm{K}[X]/I=\bigoplus_{i=\iota}^{d}\mathrm{K}(\alpha i,1, \ldots, \alpha_{i,r})$
..




:. Successive Algebraic factorization , Anai, H. , Noro M. , Yokoyama K. (1995) .
$\circ$ “Linear solving and Hensel Lifting” .
( : $\lceil \mathrm{G}\mathrm{e}\mathrm{n}\mathrm{e}\mathrm{r}\mathrm{a}\mathrm{l}\mathrm{i}\mathrm{z}\mathrm{e}\mathrm{d}$ Shape Lemma Hensel \rfloor 19951121 )
9
. GCD , Chinese Remainder
2.2 $Id(P, S)$
: &
Theorem $R$ $I$ separator $S_{1},$ $\ldots,$ $S_{r}$ . $i$ , $\overline{Q}_{i}=IR_{S_{i}}.\cap R$,
$si= \prod_{s\in S}:^{S}$ ’ (I: $s_{i}^{k:}$ ) $=IR_{s_{i}}\cap R$ . $I’=Id(I, S_{1}k_{1} , . . . , s_{r}^{k_{f}})$
(C) $I=\overline{Q}_{1}\cap\cdots\cap\overline{Q},$. $\cap I’$ ,
. , $I’=R$ diln$(I’)<\dim(I)$ .
Definition ( pseudo-primary decompsition . , $\overline{Q}_{i}$ $I$ pseudo-
primary component, $I’$ pseudo-primary decomposition remaining colnponent .
Corollary $\sqrt{I’}=\sqrt{Id(P_{1},s_{1})}\cap\cdots\cap\sqrt{Id(P_{l},s_{r})}$ .
Theorem pseudo-primary ideal $I$ , $Q$ $I$ – isolatcd $pr\cdot irna\prime\prime’ y$ component, $f$
extractor . $k$ $IR_{f}\cap R=(I : f^{k})$ , $I’$ $Id(I, f^{k})$
$Q=IR_{f}\cap R$ , .
(D) $I=Q\cap I^{J}$ .
, $I’=R$ $\dim(I)>\dim(I’)$ .
Definition $I$ pseudo-primary ideal, $P$ radical . Theorem decomposition
$(D)$ $I$ $Q$ extraction , $I’$ extraction remaining component. .
Corollary $\sqrt{I’}=\sqrt{Id(P,f)}$ .
Special Prime Decomposition of Radicals
pseudo-primary decomposition extraction $V$ .





Procedure (E) PrimaryDecomposition $(I, d)$
Input: A positive integer $d$ and an ideal $I$ such that $\dim(I)\leq d$.
Output: A set $P\mathcal{L}$ of isolated prime divisor of $I$ with dimension $d$ .
begin
$P\mathcal{L}arrow\{\},$ $Jarrow I$
$\mathcal{U}arrow \mathrm{t}\mathrm{h}\mathrm{e}$ set of all maximal strongly independent sets
modulo $I$ with $d$ elements
for all $U$ in $\mathcal{U}$ do
If $U$ is not a strongly independent set modulo $J$
then continue
$p*arrow \mathrm{t}\mathrm{h}\mathrm{e}$ set of all prime divisor of $I$ computed in $\mathrm{Q}_{U}$
$P\mathcal{L}arrow\{P^{*}\cap R|P^{*}\in P^{*}\}\cap \mathcal{P}\mathcal{L}$
$Harrow \mathrm{a}$ Gr\"obner basis of $I$ with respect to ablock
order $U\ll X\backslash U$
$farrow\iota_{Cm}\{Hc_{u}(g)|g\in H\},$ $Jarrow Id(J, f)$
return $P\mathcal{L}$
end
Mathematical Background of Specail Procedure
Proposition $P\mathrm{o}$ $P\mathrm{o}$ $R$ $s$ $Id(P_{\mathrm{O}}, S)\neq R$
isolated prime $\langle$ $\dim(P_{\mathrm{O}})-1$ .
Lemma $I$ $R$ , $I$ isolated prime $P$ .
, admissible order $<$ , $P$ maximal strongly independent set
$U$ , $I$ maximal $Strong\iota_{y}$ independent set .
Remark , Procedure $(E)$ .
(1) $\mathit{0}$ - ) prime decomposition , $I$ isolate\’a $p?\dot{\tau}me$
.
(2) $\mathit{0}$ - $P^{7}\dot{\eta}rne$ decomposition , $I$ .
(3) Remaining ideal $J$ , sirong independent .
, order Gr\"obner .





Implementation of the General Procedure
$I$ $R$ ideal . $(Qu:=\mathrm{Q}(U)[X\backslash U].)$
(1) (F) (G) , $J_{i}$ .
(i) $\sqrt{I}=\sqrt{J_{1}}\cap\cdots\cap\sqrt{J_{s}}$,
(ii) $J_{i}$ Gr\"obner $R$ .
(iii) $J\dot{.}$ maximal strongly independent set $U_{i}$ $J:\mathrm{Q}_{U}:\cap R=J_{i}$
(2) $J_{*}$ , prime component .
(2.1) $\mathrm{Q}_{U}$: 0- $J_{i}\mathrm{Q}_{U}$ : radical $J_{i}’$ .
(2.2) $J_{i}’$ prime decomposition .
(2.3) $P’.,j$ , $R$ contraction $P_{i,j}(P_{i,j}=P_{i,j^{\cap}}’R)$ .
. $P_{i,j}$ , $R$ $\sqrt$Ji $=P_{i,1}\cap\cdots\cap Pi,1:$ .
(3) $P_{i,j}$ component $\langle$ . (component $P_{i,j}$ , $P_{i,j}$
component $P_{i’,j’}$ )
Implementation of the Special Procedure
Procedure decomposition (F) .
Pre-Procedure: $I$ $(\Gamma)$ \psi $=\sqrt{I_{1}}\cap\cdots\cap\sqrt{I}$, $I_{i}$
Gr\"obner $R$ $I_{i}$ .
Procedure (PrimeDecomposition$(I)$ (special version))
Input: An ideal $I$ such that every isolated prime divisor has the same dimension.
Output: Aset $P\mathcal{L}$ of all prime divisors of $\sqrt{I}$ .
begin
$\mathcal{P}\mathcal{L}arrow\{\},$ $darrow\dim(I)$
$\mathcal{I}$ -the set of all ideals obtained by Pre-Procedure.
for each $J$ in $\mathcal{I}$
if $\dim(J)\neq d$ then continue
if $J$ is prime then $P\mathcal{L}arrow\{J\}\cup P\mathcal{L}$
else $P\mathcal{L}arrow Specia\iota P?^{\urcorner}in\mathrm{z}eDeCompoSiti_{on(}d,$ $J$ ) $\cup P\mathcal{L}$
return $P\mathcal{L}$
end
Remark , pre-procedure decomposition prime decomposi-
tion . , example , pre-procedure
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